Introduction
In this talk, we study a close relationship between the phase transition of the Ising model and fractal structure of Julia set associated with the Ising model.
Phase transition is formulated as non-analyticity of some physical quantities like free energy $\mathcal{F}$ as a function of some thermodynamical parameters such as temperature. So it is important to know where $\mathcal{F}$ is analytic and how $\mathcal{F}$ behaves near non-analytic (critical) points, because it determines the type of the phase transition. To characerize the phase transition we inrtroduce the following quantity. The critical exponent in the low temperature region of order $l\in N$ is defined by $\alpha^{(l)}\equiv\lim_{t\nearrow t_{C}}\frac{\log|\mathcal{F}^{(l)}(t)|}{-\log|t-t_{c}|}$ where $t_{c}$ is the critical temperature and $\mathcal{F}^{(l)}$ is the $l$ -th derivative of $\mathcal{F}$ .
On the other hand, we can consider a complex dynamical system associated with our model (called the renormalization group transformation). This transformation is a map on parameter (temperature) space corresponding to the "coarse grainning" of the model $ [2, 3] $ . Julia set of the renormalization group reveals a certain similarity near $t_{c}$ .
The purpose of this paper is to show a relationship between two theories, statistical mechanics and complex dynamical systems. Historically, [8] made such a relationship for the first time. In [8] , it was shown that all the singularities of $\mathcal{F}$ lie on the Julia set of the renormalization group transformation. Our main results are more quantitative relationship between the critical exponent and the "fractal dimension" at $t_{c}$ .
Theorem A The free energy can be represented as the logarithmic potential of the maximal entropy measure $\mu$ of the renormalization group.
Using this representation, we can show the following. Figure 1 for the case $b=2$ ).
Bleher and Zalis [6] showed that the free energy on this lattices is discribed as follows,
The map $f$ is called Migdal-Kadanoff renormalization group transformation $ [4, 5] $ which is a strong tool to investigate the asymptotic behavior of free energy near critical tempereture. The advantage of this model is that the renormalization group transformation can be expressed explicitly and, moreover, it turns out to b\'e a rational map.
In [1] , T. D. Lee and C. N. Yang gave an idea for the study of the singularities of .free energy. Because free energy is defined as the logarithm of partition function, the singularities of free energy appear at the zeros of partition functions. But it is shown that the partition function is essentially a polynomial of 
Dynamics of the Renormalization Group
The theory of complex dynamical systems appearently developed after the works of Douady, Hubbard and Sullivan. One of the main object of this theory is to study invariant set called Julia set $J(f)$ on which the dynamics of $f$ is "chaotic". Figure 2 shows the Julia set for $b=2$ .
First we consider $f$ as a dynamical system on $ 
Properties of the Maximal Entropy Measure
Here we introduce a "natural" measure $\mu$ on $J(f)$ in order to analyse the properties of the free energy near $\partial\Omega_{0}$ . This measure was, for the first time, introduced by Brolin [10] for the polynomial case. Next we establish the relationship between real critical exponent and the maximal entropy measure, using the representation in Theorem A. Remark that $f'(t_{c})>1$ .
Proof of Theorem B.
First remark that, in the integral representation, the integral near $t_{c}$ dominates $F^{(l)}(t)$ . Let $r>0$ be small enough so that we can linearize $f(t)$ on $B_{r}(t_{c})=\{z\in C||z-t_{c}|\leq r\}$ and fix it. Let $J_{r}\equiv J(f)\cap B_{r}(t_{c})$ , and take arbitrary $p_{0}\in(0, t)\cap B_{r}(t_{c})$ . Define a sequence $p_{n}\in(p_{n-1}, t_{c})$ so that From the equations (5.5) and (5.6), it is not difficult to deduce our statement from this.
$\square$ Remark 2 A similar equation has been already conjectured in [9] . Indeed, we need not use the integral representation to calculate the critical exponent itself.
6 Local Similarity of $\mu$ What does $\log 2b/\log f'(t_{c})$ in Theorem $B$ mean? First, consider, for example, the Sierpi\'{n}ski gasket. When we enlarge the size of the Sierpi\'{n}ski gasket twice, the "area" (rigorously speaking, the Hausdorff measure) becomes three times. Thus, the similarity dimension of the Sierpi\'{n}ski gasket equals to $\log 3/\log 2$ . This is the fundamental idea of similarity dimension.
In our case, if we linearize $f$ near $t_{c}$ , then the equation ( 
